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Abstract 

^ . The spacetime physics of bulk closed string tachyon condensation is studied at the level 

of a two-derivative effective action. We derive the unique perturbative tachyon potential 
^ I consistent with a full class of linearized tachyonic deformations of supercritical string the- 

CN , ory. The solutions of interest deform a general linear dilaton background by the insertion 

CS ■ of purely exponential tachyon vertex operators. In spacetime, the evolution of the tachyon 

^', 

^ , theory collapses to a cosmological singularity in finite time, at arbitrarily weak string cou- 



drives an accelerated contraction of the universe and, absent higher-order corrections, the 



O ■ pling. When the tachyon exhibits a null symmetry, the worldsheet dynamics are known to 

be exact and well-defined at tree level. We prove that if the two-derivative effective action is 
free of non-gravitational singularities, higher-order corrections always resolve the spacetime 
curvature singularity of the null tachyon. The resulting theory provides an explicit mech- 
anism by which tachyon condensation can generate or terminate the flow of cosmological 
time in string theory. Additional particular solutions can resolve an initial singularity with a 
tachyonic phase at weak coupling, or yield solitonic configurations that localize the universe 
along spatial directions. 
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1 Introduction 

The study of tachyon condensation in open string theory has led to a number of important 
insights into the nature of instabihties in quantum gravity. Direct calculations in open string 
field theory have provided detailed evidence in support of Sen's conjecture (for useful reviews 
of this subject, see, e.g., [B-S], and [5] for recent developments). Namely, the open string 
tachyon represents an unstable mode of a space-filling D-brane. The process of tachyon 
condensation drives the decay of the D-brane, and the endpoint is an excited state of the 
closed string vacuum that carries the energy of the original D-brane. Solitonic configurations 
can also arise, represented as D-branes filling a lower number of spatial dimensions. 

Attempts to understand closed string tachyon condensation initially focused on localized 
tachyons (see, e.g., [BHTi]). A well-known example is the theory of winding tachyons localized 
on the conical orbifold C/Zat [6]. Studies using brane probes, RG flow and string field theory 
have provided evidence that tachyon condensation in these systems drives a reduction in the 
orbifold rank A^, and a resolution of the conical singularity. 

Similar to the open string tachyon of a space- filling D-brane, the bulk closed string tachyon 
fills spacetime completely, and presents a tantalizing analogy. Adopting the lessons of the 
open string problem, it is natural to guess that the bosonic bulk closed string tachyon signals 
an instability of spacetime itself, and the transition to a stable endpoint of tachyon conden- 
sation represents the decay of spacetime altogether. According to this analogy, solitons of 
the tachyon condensate appear as lower dimensional spacetime, allowing for a dynamical 
transition between physical theories with different numbers of spatial dimensions. A num- 
ber of recent studies have provided indirect evidence in support of this picture in bosonic 
supercritical string theory [TSHTTj J^ 

Overall, the problem of understanding bulk closed string tachyon condensation in detail 
has been approached in roughly three regimes: 1) At the level of string field theory, 2) from 
the perspective of the worldsheet CFT, and 3) within the framework of spacetime effective 
theories. 

String field theory 

Relative to the corresponding problem in open string theory, attempts to study closed string 



^Corresponding systems in superstring theory exhibit a more baroque landscape of stable and semi-stable 
endpoints of tachyon condensation [18j . 



tachyon condensation using field theoretic techniques are hindered by the relative intractabil- 
ity of closed string field theory [T9H23]. The action itself is nonpolynomial, and closed string 
tachyons couple to the dilaton and the metric, making it necessary to carefully account for 
the backreaction of the tachyon condensate on the background. Progress has been made 
in computing the bulk closed string tachyon potential perturbatively in the strength of the 
tachyon [251430] see also p31[3T] for analogous work on localized tachyons), and some evidence 
has emerged that a critical point of the potential may exist 



Worldsheet CFT 

A number of results have demonstrated that substantial progress can be made in under- 
standing bulk closed string tachyon condensation directly as RG flow in the worldsheet 
CFT (e.g., [T5HT81I31H38] ). Concrete conclusions can be reached by focusing on a class of 
exact solutions of the string theory in which quantum corrections are tightly constrained 
and calculable to all orders in perturbation theory. The simplest examples arise in bosonic 
string theory when the tachyon condenses with a purely exponential profile varying in a null 
direction: 

T~exp(/3X+) , (1.1) 

where (3 is constant. These theories are particularly straightforward, since the tachyon vertex 
operator is nonsingular in the vicinity of itself, and the diagrammatic structure of the CFT 
indicates that the theory is exact at tree level p^[T7]. 

To linearized order in the deformation, the tachyon couples to the 2D CFT as a poten- 
tial, and the onset of null tachyon condensation can be modeled on the worldsheet as the 
nucleation of a bubble-like region of nonzero tachyon. Inside this region, string states see 
a potential wall that rapidly increases into the future, and at late times the bubble itself 
expands outward from the nucleation point at the speed of light [12]. The resulting picture 
is an expanding region of tachyon condensate from which all string states are expelled. Since 
no physical degrees of freedom persist inside the bubble at late times, this configuration 
has been called the "bubble of nothing," similar in spirit to the Witten instanton solution 
described in [39]. The expectation is that dynamical spacetime ceases to exist deep inside 
the bubble. 

A related process was found to drive dynamical dimensional reduction (or "dimension 
quenching"), wherein high potential walls from the tachyon condensate localize one or more 



(but not greater than D — 2, where D is the dimension of spacetime) spatial coordinates on 
the worldsheet [T5l[T7]. By again adopting a null tachyon profile, quantum corrections can 
be computed exactly at finite loop order in perturbation theory. In essence, the worldsheet 
fields that feel the potential become infinitely massive and decouple from the theory. Clas- 
sically, this amounts to a deficit in central charge contribution from the worldsheet degrees 
of freedom. This discrepancy is resolved at the quantum level by the simultaneous one-loop 
renormalization of the dilaton gradient and the string frame metric. 

Stated succinctly, both of these processes confirm qualitatively the expectation that a 
natural consequence of bosonic closed string tachyon condensation is the spontaneous decay 
of spacetime. On the worldsheet this is manifested as the creation of regions of "nothing," 
where exponentially growing potential walls prevent the presence of string states, and several 
examples of this process are now well understood in the language of worldsheet conformal 
field theory. 

Effective actions 

If the intuition coming from the worldsheet CFT is correct, the two-dimensional theory 
should give rise to very interesting phenomena in spacetime (see, e.g., |10lHT]). However, the 
spacetime dynamics in the presence of the tachyon configurations discussed above are not 
well understood. Such solutions fall into a class of exponential tachyon profiles evolving in 
the background of a linear dilaton, and it is unclear whether the spacetime effective actions 
typically studied in the literature consistently support these systems. 

In this paper we aim to examine bulk closed string tachyon condensation directly as 
a dynamical cosmological process in spacetime. While this question is most easily and 
directly studied at the level of an effective action, it is difficult to asses the reliability of this 
approach without having a unique expression for the potential in which the fields of interest 
evolve. Furthermore, even if a potential is known, it is still unclear whether a low-derivative 
truncation, for example, is sufficient to capture the worldsheet physics of tachyonic fields. 

To address these questions, we adopt a simple strategy. Since it seems unlikely that a 
single two-derivative effective action will consistently support all known tachyonic solutions 
of bosonic string theory, we aim to focus on a specific but nontrivial class of solutions that 
contains controllable models of bulk tachyon condensation. Namely, the theories of interest 
are linearized deformations of the exact supercritical {D > 26) linear dilaton background of 



bosonic string theory, characterized by the insertion of purely exponential tachyon vertex 
operators. We use these solutions to guide the formulation of a consistent two-derivative 
effective action, including a specific form for the tachyon potential. 

The tachyon perturbations of interest are formulated at linearized order in conformal per- 
turbation theory. In other words, the tachyon profiles under consideration obey a linearized 
equation of motion. In general, the solutions capture the dominant behavior of the string 
theory when the system is perturbative in the strength of the tachyon. However, we show 
that one can rely on exact solutions of the worldsheet CFT to study the effects of higher- 
order corrections on the spacetime dynamics outside this perturbative regime. For the null 
tachyon system in particular, higher-order contributions to the action can be captured in the 
spacetime solution in a single undetermined function of the tachyon. We demonstrate that 
when this function is chosen such that non-gravitational singularities are forbidden to ap- 
pear in the action, and the gravity sector is constrained to be unitary, all possible curvature 
singularities are either removed or placed at T = oo. 

In the next section we review the tachyonic solutions of interest, and demonstrate that 
a unique two- derivative effective action can be computed that supports the aforementioned 
class of solutions perturbatively in the strength of the tachyon. In Section [3] we study 
the process of tachyon condensation as cosmological evolution in an FRW target space. 
Focusing on a timelike tachyon profile (T ~ exp (— /9°X°)), we show that, modulo higher- 
order corrections, the evolution of the tachyon is realized in spacetime as a big crunch 
occurring in finite time, at arbitrarily weak string coupling. (Numerical integration of the 
spacetime equations of motion for the dilaton, tachyon and FRW scale factor verifies that 
the effective action reproduces the timelike tachyon solution quantitatively in the region 
of classical validity.) We also analyze the exact null tachyon solution in the background 
of a timelike linear dilaton rolling to weak coupling. In this case, the worldsheet bubble 
of nothing is realized in spacetime as a logarithmically expanding region in which the scale 
factor collapses to a singularity. In Section m we consider the null tachyon solution on general 
grounds, and demonstrate that the naive gravitational singularity can be resolved classically. 
The resulting system provides a very simple mechanism by which the flow of cosmological 
time is either initiated or halted by string theory. This suggests a class of toy models of the 
Big Bang, which can be studied at weak coupling. We extend this analysis in Section \5\ to 
study solitonic configurations that localize the universe along a spatial direction. 



2 The effective action 

Our initial goal is to derive an effective action that perturbatively supports a full class of 
tachyonic solutions of bosonic string theory. The solutions of interest are linearized tachyonic 
deformations of the linear dilaton CFT, characterized by the insertion of purely exponential 
tachyon vertex operators. The linear dilaton background is taken to be that of supercrit- 
ical bosonic string theory defined in D > 26 spacetime embedding dimensions, labeled by 
X^, i2eO,l,...,D-l. 

In obtaining a consistent effective action, we will allow nontrivial functions of the matter 
fields to appear multiplying the Einstein-Hilbert term. It will therefore be useful to introduce 
the following nomenclature when referring to different reference frames of the effective action: 

• In sigma-model frame, the metric C^^^ is that which appears naturally in the 2D 
worldsheet CFT. In all of the solutions of interest, the sigma-model metric will be that 
of flat, D-dimensional Minkowski space. In this frame, the Einstein-Hilbert term does 
not appear canonically, though the dilaton dependence of the effective action appears 
as an overall factor of exp (—2$). 

• String frame will refer to the frame in which the Einstein-Hilbert term in the effective 
action appears with just a factor of exp (—2$) (while the collective dilaton dependence 
of the action remains as an overall factor of exp (—2$)). 

• In Einstein frame, the Einstein-Hilbert term appears canonically, and the prefactor 
exp (—2$) is removed by Weyl transformation. 

When possible ambiguity arises, the frame will be specified by the sub- or superscript labels 
a, S, and E. At the classical level, none of these frames is preferred in principle over the 
others (since there is no equivalence principle). To analyze the cosmological aspects of the 
solutions at hand, however, it is easiest and most intuitive to work either in string frame or 
Einstein frame. 

When the sigma-model metric is flat (G^j, = Vf^u), the linear dilaton background alone 
comprises an exact solution with vanishing 5-fleld, in which the worldsheet path integral is 
precisely Gaussian, and the (constant) dilaton gradient v^ = 9^$ satisfles 

D -26 , , 

vv = -^. 2.1 

ba' 



In other words, the worldsheet beta functions for this background vanish to all orders in ot: 

/^^-^ = /5* = /5^ = . (2.2) 

The 2D energy-momentum tensor, in worldsheet lightcone coordinates o^ = —a" ± a^, is 

T- = -^-.d^-X^d^-X.-.+dl-iv.X^) . (2.3) 

We now wish to introduce bulk tachyonic deformations of the linear dilaton CFT. To 
linear order in the field strength, the deformation is implemented by the insertion of a single 
tachyon vertex operator into all correlation functions. The perturbation is marginal as long 
as the matter part of the vertex operator is constrained to appear as a conformal primary 
of weight (1, 1). (In other words, the tachyon vertex operator can be made Weyl invariant, 
with the above energy- momentum tensor.) This is achieved at linear order by satisfying the 
on-shell condition 

d'^T(X) -2v^ d.T(X) + —T(X) = . (2.4) 

a' 

The strategy is to focus on the general class of solutions to this equation given by: 

T{X) = fiexp (/?^X^) , v^ = const., C"^, = r,^, , (2.5) 

where /i is a free, real parameter (not to be confused with the spacetime index), and both 
f^ and /3^ are constant, /^-dimensional vectors. In general, the solutions in this class are 
neither exact in the a' expansion, nor in conformal perturbation theory. Even in the a' — > 
limit, we expect that the all-orders dynamics of the effective theory can become strongly 
corrected relative to the linearized approximation when the tachyon is of order one. 

2.1 Particular solutions 

Two particular solutions in the class described above will play an important role in the 
analysis that follows. The timelike tachyon is defined by the profile 

T(X°)=/iexp(-/5°X°) . (2.6) 



We will study this solution in the background of a timelike dilaton 

$ = -t;0^0 = -gX° . (2.7) 

Since the timelike dilaton profile appears in several places, it is convenient to assign v^ = q. 
The dilaton component of the worldsheet beta function equations demand that 



D-26 , , 

By choosing the branch of this equation that renders q positive definite in D > 26, the string 
coupling decreases toward the future. In turn, the tachyon marginality condition requires 



f3^ = q±^± + q2. (2.9) 

Arranging the tachyon to increase toward the future (i.e. requiring /?° to be negative definite), 
and substituting the solution for q from above, one obtains 



^.^ vCT-yzT^ (2,10) 

The parameter fi amounts to a shift of X°, so we can study the condensation of the timelike 
tachyon at arbitrarily weak string coupling by taking /i <^ 1. 

The second solution that will be examined below is the null tachyon, characterized by 
the profile 

T(X+) = /iexp (/5+X+) = /iexp (^(^° + xA , (2.11) 

where X^ is an arbitrary spatial direction (j G 1,2, . . . ,D — 1). In the presence of the timelike 
linear dilaton background, the tachyon equation of motion is satisfied when 

/3. = ^ . (2.12) 

qa 

Once again we can choose the strength of the tachyon to increase into the future, in the 

direction of weak string coupling, which amounts to selecting the g > branch of Eqn. (12. 8p . 

In this case, however, the tachyon is constant along lightfronts for which X^ = const. We 

can think of this solution as an approximate description of a bubble of tachyon condensate, 

which nucleates on the worldsheet and expands outward at the speed of light (see Fig. [1]). 

Since the tachyon vertex operator couples as a potential in the worldsheet sigma model, the 

growth of the tachyon is manifested as the appearance of a diagonal Liouville wall. String 

states are prevented from passing deep into the potential wall, so at late times the theory 

exhibits an expanding region that is completely devoid of physical degrees of freedom. 
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Figure 1: Schematic diagram of the worldsheet bubble of nothing. The null tachyon solution 
can be thought of as focusing on a region to the left of the origin of the X^ coordinate. 
Physical degrees of freedom do not persist deep inside the tachyon condensate. 



2.2 Higher-order corrections 

Since the goal of this study is to analyze closed string tachyon condensation in regimes 
where the classical description is reliable, it is useful to briefly review the various sources of 
higher-order corrections that can arise in the effective theory. First, higher genus corrections 
become strong when the string coupling gs is of order one. The effective string coupling is 
defined by gs = exp($), so the classical limit corresponds to a dilaton expectation value 
of $ = — oo. All of the solutions of interest exhibit a tachyon profile that increases in the 
direction of decreasing string coupling, and the entire region of non-infinitesimal tachyon can 
be placed at arbitrarily small gs- For the purposes of the present analysis, therefore, we will 
focus strictly on the weakly coupled regime. 

Working to linearized order in conformal perturbation theory, the exact linear dilaton 
CFT is deformed by the insertion of a single tachyon vertex operator into all correlation 
functions. To this order, the conformal invariance of the tachyon deformation is encoded by 
the tachyon equation of motion fl2.4p . In general, the insertion of multiple vertex operators 
will lead to singularities, and conformal invariance at higher order will be restored by cor- 
rections to the linearized equation of motion. At the level of the effective theory, conformal 



perturbation theory corresponds to an expansion of the action in nonhnearities of fields. 

Finally, the contribution of higher- dimension operators to the worldsheet beta equations 
translates in spacetime to the appearance of higher- dimension operators in the effective 
action. These operators are suppressed by corresponding powers of a', and the classical 
limit is reached by taking a' — > 0, which is the limit of infinite string tension. 

With respect to the above corrections, the null tachyon solution turns out to be remark- 
ably simple at the level of the worldsheet CFT. Consider the 2D worldsheet theory with 
general tachyon profiles of the form T{X) = fiexp{j3^X^). For general constant jS'^, the 
insertion of two tachyon vertex operators will lead to singularities when the positions of the 
operators become coincident. To be precise, singularities of normal-ordered operators arise 
in a free theory when propagators contract free fields in one operator with those of a second 
operator. In the case of the tachyon vertex operators considered here, operators depend 
only on /5^X^, so all field contractions, and all higher-order corrections to the linearized 
tachyon equation of motion, will be proportional to 13^(3^. For the null tachyon, however, 
I3^[3^ vanishes identically. 

Furthermore, when the null tachyon solution is expressed in lightcone coordinates, it is 
straightforward to demonstrate [T6l[T7] that: 1) the propagator for the fields X^ is oriented, 
directed from X^ to X~, and 2) all interaction vertices in the theory depend only on X+. 
As such, there are no Feynman diagrams beyond tree level, and hence no quantum loop 
corrections whatsoevero Taken together, the above facts indicate that the linearized tree- 
level solution (12. lip is exactly conformally invariant. We will rely on this fact below to study 
the general spacetime dynamics of the null tachyon. 

It turns out that, in large spacetime dimension, the timelike tachyon solution exhibits 
properties similar to the null tachyon. From Eqn. fl2.10p . one obtains 

4 

R[^^' = -— + Oil/D'^) (timelike tachyon) , (2.13) 

a^ D 

which vanishes in the D ^ oo limit. Furthermore, it is straightforward to show that world- 
sheet loops are also suppressed at large D (see, e.g., llSj). Near D = oo and gs <^ 1, 
therefore, higher-order corrections to the timelike tachyon solution (12.71) are strongly sup- 
pressed. 



^This is possible because the theory is not unitary prior to enforcing conformal gauge constraints. 
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2.3 String frame effective action 

The basic approach to constructing a spacetime effective action of the worldsheet CFT of 
string theory is to find an action whose equations of motion encode the condition that all 
Weyl anomahes in the 2D theory vanish. Here we will restrict the analysis to an action 
containing terms with at most two spacetime derivatives; higher dimension terms are sup- 
pressed by higher powers of a' . Since our initial goal is to study the spacetime physics of 
the tachyonic solutions in Eqn. (12.51) . which are tree-level solutions of the worldsheet beta 
function equations, the hope is to capture the classical physical content of these solutions 
within the framework of a two-derivative effective action. 

The simple class of tachyonic solutions described above (12. 5 p is not directly supported by 
the form of the spacetime effective action most often studied in the literature. The essential 
additional ingredient is that the Einstein-Hilbert term must appear with a nontrivial tachyon- 
dependent prefactor if the theory is to simultaneously support the solutions of interest and 
admit a non-vanishing tachyon potential. Without the latter, there would of course be no 
hope of reproducing tachyon scattering amplitudes, for example, at the level of the effective 
action. 

Our starting point will therefore be the most general two-derivative effective action for 
the dilaton, metric and tachyon [1^. We begin in sigma- model frame with the following 
generic form: 

5 = -^ f d^xV- det G- [j^ii?" - J^2(V<I>)2 - J3(Vr)2 _jr^_ jrj.vT • V<l>j . (2.14) 
2k J I J 

The coupling n is related to the Newton constant by G^ = k^/Stt. Tree-level string am- 
phtudes are defined such that the dilaton dependence of the tree-level action appears as an 
overall factor of exp (—2$), and we have absorbed this prefactor into each of the functions 
J-'i. Apart from this factor, the jFj are understood to be completely arbitrary functions of 
the tachyon. For convenience, and to align conventions with the literature, we encode the 
explicit tachyon dependence of these functions via the following definitions: 

^i^e-2*A(T), ^,^_4e-2*/2(T), 

J-3 = e-2*/3(T), ^4 = 2e-2*K(T), 

J-5^e-2*/5(T). (2.15) 

11 



The functions fi{T) on the right-hand side of Eqn. (12.151) depend only on the tachyon, 
including the potential K-(T). 

In terms of these functions, the Einstein equation appears as 

^-^-T^d^Td""^ + ^-T^d^'Td^^ , (2.16) 

where V^ is the usual covariant derivative. The dilaton and tachyon equations of motion 
read, respectively: 

= -2Rh + 8f2{d^y-8f^dT-d^-8f2V^^ + {2fs + f;^){dTy + f,V^T + AV^, 

(2.17) 

= f[R+iAf^-2f,){d^y + f;,{dTy-Af,d^-dT~2Vj + hW'^ + 2f,V'T, 

(2.18) 

where /;(T)=aT/.(T). 

We now require that the effective action in Eqn. (I2.14p support the class of tachyonic 
solutions of interest, given in Eqn. (12. 5p above. (See, e.g., [12] for a similar technique, 
employed in open string theory.) Projecting onto these solutions, the Einstein equation 
(I2.16P stipulates the following constraint: 



= r]f,^ 



2V^ + A{2 h - f2)v ■ V + T [f,v P + 2 f[{(3 ■ (3 - 4v (3) + {2 f; + fs) (3 ■ f3T] 



+8if2- fi)v,v, + T [iv,/3, + /3,v,)iAf[- f,) ~2f3,f3, if[ + if!! + fs)T)] . (2.19) 
The tachyon equation of motion becomes 

= {2f^~f,)vv-dTV^-2fsTvP + P-pTU + ^f;,T] , (2.20) 

while the dilaton equation of motion gives 

= Sf,vv + 4V,-8f;,TvP + hTp-P + {2fs + f',)T'P-p. (2.21) 

12 



The above equations fl2.19[ 12.201 12.211) are uniquely satisfied in terms of tlie lone function 
/i(T) by the following solution: 

MT) = /i(T), 



MT) 



-fi{T) - 



f[{T) 
T 



U{T) = Af[{T) 



K(T) = --{Ah{T)vv + Tf[{T){P-P-AvP)+T'fl{T)P-P) . (2.22) 

From the solution for fz{T), we see that for the tachyon kinetic term to be finite at T = 0, 
we must have that 



f[iT) 



. 



T=0 



(2.23) 



In addition, we also require the conformal invariance of the exponential tachyon perturba- 
tion to linearized order in conformal perturbation theory (i.e., that it satisfies the on-shell 
condition in Eqn. (12.41) above): 



l3-(3-2vl3 + — =0 . 
a' 



(2.24) 



Imposing this, along with the condition that the dilaton component of the beta function 
equations vanish (12. ip . we can eliminate v^ from the potential (12.221) . One recovers the 
following form: 



K(T) 



4/i(T) [£-^\+Tf[{T) [(3.(3 + ^^]-T'fl{T)f3-f5 



(2.25) 



At this stage, we could demand that the action be independent of the form of any partic- 
ular solution. The condition that the potential be completely independent of (3^ translates 
to a condition on the function /i(T) of the form 

dp.V{T) = P, [T f[{T) - T^ fliT)) = . (2.26) 

So for nonzero tachyon and nonzero /3^, we recover the following form for the function /i(T): 

/i(T) = co + ciT% (2.27) 
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where ci and C2 are free constant parameters. 

There is another route to this result. In general, we should impose that any solution to 
the equations of motion must preserve conformal invariance to leading order in perturbation 
theory. For a general background, this means that the system should satisfy 

V^T - 2 d^'^d^'T + —T = . (2.28) 

In other words, for solutions of the effective theory, the conditions of conformal invariance 
imposed by the 2D worldsheet theory should emerge as a prediction, rather than an input, 
of the effective action. In essence, we demand that the spacetime effective action correctly 
reproduce the known worldsheet tachyon scattering amplitudes to leading order in conformal 
perturbation theory and a'. To be sure, higher-order corrections can become important 
for completely general backgrounds. For the purposes of this calculation we can consider 
imposing fl2.28p in the presence of small deviations from solutions that are known to exist 
in a perturbative regime. 

For general T and $, the dilaton and tachyon equations of motion take the form (dropping 
the explicit T dependence of /i(T)): 

f" f f 

= /(v^r-2/i(9$-(9T + ^(9T-(9T- — (4V2<l>-4a$-a$ + i?) -^(9T-(9T + 14(T) , 

= [f[- T{f" + fl'T)] dT-dT + T \f[T (4V^<I> - 49$ ■ d^ + R) 

+2{f[ + f"T){2d^-dT-V'^T)-2TdTV^{T)\ . (2.29) 

Note that the Einstein equation simplifies significantly when the dilaton equation is enforced 
(specifically, terms proportional to G|^^ drop out entirely): 

2/i V^V.'I' - /( V^V.T + ^ d^Td^T + fiR^, = 0. (2.30) 

Using the trace of this equation, the dilaton equation of motion also simplifies 

4/ia$-9<l>-4/((9$-5T + /ii?+ (/f + ^) dT-dT + 2V^ = . (2.31) 

Employing the dilaton equation of motion (I2.29p to eliminate V^$, and imposing the 
condition (I2.28p . the tachyon equation of motion yields the following condition on /i(T): 

T' h fi -ifi-T f[) if[ - T /n = . (2.32) 

14 



At the level of the effective theory, conforinal perturbation theory corresponds to an expan- 
sion in the strength of the tachyon field. Since the condition is that conformal invariance is 
imposed at leading order, we can solve this equation perturbatively in T: 

CX) 

/i(r)=J]c„TV (2.33) 

n=0 

The function fi(T) appears as a coefficient of the Einstein-Hilbert term in the effective action 

5EH~y"t/^Xe-2*/l(^)i^^ (2.34) 

so we require cq = 1 for the theory to properly reduce to the unperturbed hnear dilaton 
background when the tachyon vanishes. Furthermore, the leading order contribution from 
(I2.32P establishes that ci = 0. It is then clear, working order- by-order, that Eqn. (12.321) is 
satisfied perturbatively to all orders in T for any C2, and 

Cfc = 0, yk>2. (2.35) 

Furthermore, for the tachyon potential to be tachyonic, the constant C2 must be negative 
definite. It turns out that the magnitude of C2 drops out of the entire action under a constant 
rescaling of the tachyon. Setting C2 = —1, we recover the solution 

f^{T) = l-T\ (2.36) 

We pause to emphasize an important aspect of this result. As noted above, the solutions 
under consideration (12. 5p are, in general, not exact. For the tachyon perturbation to re- 
main conformally invariant to higher orders in conformal perturbation theory, the linearized 
tachyon equation (I2.28P will inevitably acquire nonlinear corrections. These corrections will 
ultimately alter the condition on the function /i(T) in Eqn. (I2.32p . We should therefore not 
regard the solution in Eqn. (I2.36P as exact to all orders in the strength of the tachyon: 

/i(T) = 1-T2 + 0(T3) . (2.37) 

The resulting tachyon potential in sigma-model frame takes the following form: 

VJT) = — ((D- 26) -(D-2) T^) + 0(T^) . (2.38) 

3a' ^ 

Happily, the potential is now completely independent of the vector /^'^ to the order of interest, 
rendering the effective theory independent of any particular solution. 
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For the moment, we wish to study the leading-order dynamics of this theory in certain 
special cases, and we will momentarily drop all reference to higher-order corrections in the 
small-T expansion (though we will return to this issue in Section HI). At this stage, the 
spacetime action takes the form 



S = At /"t/^XV-detG- 



e-2* 



;i - T^) R" + A{1~ T^) 9^$9^<l> + 8Td^Td''<^ 



-4 df^Td^T + ^ {26- D + {D- 2)T^) 



(2.39) 
To canonicalize the gravity sector, we can invoke a spacetime Weyl transformation 

Gl = e^-(^)G^, , (2.40) 

where G^ is the string frame metric, and 

.(D ^ !^M1^ . ,2.41) 

In the next section, however, we will move completely over to Einstein frame. We will 
therefore combine the above field redefinition with an additional Weyl transformation that 
renders the Einstein-frame action in canonical form. 

3 Spacetime cosmology 

In this section we focus on the dynamics of the timelike and null tachyon solutions, as encoded 
by the spacetime effective action. As noted above, we expect the semiclassical analysis to 
be reliable when the strength of the tachyon is small compared to one. The goal is to study 
the general behavior of these solutions in regions of classical validity, but we also wish to 
establish that, in the absence of higher-order corrections, singularities eventually arise as a 
consequence of tachyon condensation. 

3.1 Translation to Einstein frame 

Because the Einstein-Hilbert term in the sigma-model action appears with the prefactor 
/i(T), the Weyl rescaling that renders this term canonical in Einstein frame depends on 
both the dilaton and the tachyon: 

Gj, ^ e^-(*'^)G-, . (3.1) 
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Under this field redefinition, the Ricci term in Einstein frame takes the form 

5eh~ / d^X V- det G^ /i(T) exp ((2 - D) cj(<l>, T) - 2$) R^ . (3.2) 

We therefore find the following expression for u!{^, T): 

-2 $ + log(l - T') 
uj{^,T) = -^—^ . (3.3) 

At this stage, it is easy to see that as the tachyon magnitude evolves from some small 
initial value at early times to T = ±1, the Einstein metric inevitably encounters a big 
crunch in finite time. However, if the tachyon evolves slowly from zero, the metric can 
reach this singularity deep within a region where the string theory is weakly coupled. When 
T^ increases beyond unity, the Einstein term in sigma-model frame changes sign, and the 
conformal transformation (13.11) becomes imaginary. This can be interpreted as a signal that 
the gravitational theory becomes nonunitary for T^ > 1. 

It is interesting that the theory encounters a singularity at the point where we expect 
the dynamics to acquire strong corrections relative to the linearized approximation (12. 5p . 
Returning to this issue in Section HI we will consider the ability of higher-order corrections 
to resolve the singularity. If such corrections contribute to higher-order terms in /i(T) (I2.37p . 
the tachyon dependence in the metric will obviously change. For now, however, we aim to 
study the action as it stands, leaving open the question of higher-order corrections. Our 
goals in this section are 1) to establish that this singular region in fact arises in the classical 
analysis, and 2) to test whether the effective action reliably reproduces the classical solutions 
of interest (12.51) away from singular points. 

It is straightforward to carry out the transformation in Eqn. (13. ip on the remaining terms 
in the action. To canonicalize the dilaton kinetic term, we perform an additional rescaling: 

1 



$ = -VD-20 . (3.4) 

We recover the following two-derivative effective action in Einstein frame: 



At / d^X \/- det G^ 
2k^ 






(^^-2)('l-T^V -^^'^ - A(i _ rr^^ {D-26-iD- 2)^ e^ 



(3.5) 
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One can see that the singularity in the metric at T = ±1 is also translated to the kinetic 
terms. 

We have thus found a specific form of the dilaton-tachyon potential Ve($, T) in Einstein 
frame: 



Vg($, T) = ^(1 - T'^)-T^2 (/} _ 26 - (L> - 2)T2) e^^ 



(3.6) 



The potential is depicted for £) = 30 in Fig. [2l From this picture it is easy to understand the 
generic behavior of the system evolving from a state with zero tachyon. At the outset, the 
theory evolves toward weak coupling as the dilaton rolls down its potential toward decreasing 
negative values (to the right in Fig. [2]). Small fiuctuations of the tachyon eventually cause 
it to roll toward positive or negative magnitude, reaching T = ±1 asymptotically. 




Figure 2: The dilaton-tachyon potential Ve(0, T) in Einstein frame (depicted at Z^ = 30, a' = 
1). When the tachyon passes the critical value ±T*, the potential decreases as a function of 
in the direction of strong coupling. 



At zero tachyon, the potential increases exponentially in the direction of increasing pos- 
itive (p (to the left in Fig. [2|, which is the direction of strong string coupling). There is a 
critical magnitude of the tachyon 



ATI* 
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(3.7) 



2-D ' 
at which the potential vanishes identically. When the tachyon is above this magnitude, the 



potential is negative and decreases exponentially as a function of in the direction of strong 
coupling. At weak coupling the potential is essentially flat, falling off steeply at T = ±1. 

3.2 Timelike tachyon 

We now want to focus in particular on the timelike tachyon: 

r = /iexp(-/30t<,) , <l> = -VD-2<P=-qU , G% = r,^,. (3.8) 

We have labeled the sigma- model time coordinate as X° = to-- Again, by choosing the 
dilaton gradient q to be positive definite m. D > 26, the string coupling decreases toward the 
future. 

To study the cosmology associated with these solutions directly, we will proceed by 
moving to a coordinate system in which the Einstein metric is of FRW form: 

ds% = -dtl + a{tEfdXl . (3.9) 

We wish to study the timelike tachyon on shell, and the conformal rescaling in Eqn. (13.11) 
provides a precise translation between FRW coordinates X^ and sigma model coordinates 

dtl = e^^^^^^Utl , a{tEfdXl = e2-(*'^)rfX2 . (3.10) 

(For simplicity we are keeping the time dependence of the dilaton and tachyon implicit.) 

We can keep the translation among spatial coordinates trivial (i.e., X^^ = X^, i G 
1, 2, . . . , D — 1) by assigning 

/_2$ + log(l-T2)\ 
a(t^)=exp(^($,T)) = exp(^ ^^^L L^ . (g.u) 

This leaves the translation between timelike coordinates explicit. When the tachyon is zero, 
we recover 

tE{t.) = ^^^ exp (^^tA + const., (T = 0) . (3.12) 

After the tachyon acquires a vev, the translation for general dilaton and tachyon profiles 
takes the form 

tE{U) = r rfee-2*«)/(^-2) (1 - T{ifY'^''~^^ + const. (3.13) 
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For the solution at hand (13.81) . we obtain 



D-2 [ 2qt„ ^ ^^ ,,, ,,^^,, ^u^-v^ 






where A (to-) is defined by 



A(0 = ^e2^"*-. (3.15) 



2Fi{a,b,c,z) is the hypergeometric function, which exhibits a branch cut in the complex z 
plane along the real z axis from 2; = 1 to 00. 

It turns out that we can re-express the solution tEitfj) as 



tE{t.) = ^^"^^^ ^^^ i?A(*.) ( Zr. .^ ^ 1^^ ] + const., (3.16) 



2/30 ^^'"^^ V/50(D-2)' D-2^ 

where Bz{a,b) is the incomplete Euler beta function Bz{a,b) = J^ dC^{l — ^Y^^C^"'^^. The 
beta function Bz{a,b) also exhibits a branch cut, though in this case it runs along the 
negative real z axis from z = —00 to 2; = 0. As it stands, tE{ta) (modulo the integration 
constant) contributes a constant imaginary piece when t^ lies in the region prior to the 
final singularity. In the analysis that follows it will be understood that this contribution is 
subtracted by absorbing it into the integration constant. 

The timelike tachyon solution can thus be expressed as a function of the time coordinate 
in Einstein frame by inverting Eqn. (13.161) to generate t„ as a function of tE- There is not 
a convenient closed-form expression for tcr{tE), however. Keeping this relationship implicit, 
one obtains 

T{tE)=fie->'°'^^'^K (3.17) 

Likewise, the dilaton evolves according to 



$(ts) = ^VD^^(P = -^^^-^t,(tE) . (3.18) 

Substituting into the general form for the scale factor in Eqn. (13. lip , we find 

,, , , 2gt.(t^) + log(l-/.^e-^^°Mt.)) 
a(tE) = exp I ^— ^ I . (3.19) 
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By construction, this is an exact (albeit particular) classical solution to the equations of 
motion of the spacetime effective action in Einstein frame. 

It is straightforward to plot the behavior of the scale factor numerically. This is done 
in Fig. [31 along with the corresponding evolution of the string coupling. (Here, and in the 
analysis that follows, a' can be set to any convenient value without affecting the qualitative 
behavior of the solutions.) When the tachyon is small, the scale factor evolves linearly 
as a function of Ie- As the tachyon evolves away from zero, the universe enters a phase of 
accelerated contraction. Eventually, as the tachyon strength approaches one, the scale factor 
collapses to zero. The region of non- negligible tachyon condensate can exist entirely within 
a region of weak string coupling gs ^ Q. 
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Figure 3: The evolution of the timelike tachyon (/i = 1/2, D = 1000). The scale factor 
(panel (a)) evolves linearly as a function of time in Einstein frame while the tachyon is small 
(i.e., it evolves at a critical equation of state). As the magnitude of the tachyon increases, the 
scale factor enters a phase of accelerated contraction, and eventually reaches a singularity. 
The string coupling (panel (b)) decreases throughout this process. 



In sigma-model coordinates, the tachyon magnitude reaches one at 

crunch 1 ,„„.. 6a' log/i 



t 



w'^'^'^w 



(3.20) 



26 - V^ - 2 

In Einstein frame, this translates to the statement that the scale factor formally collapses to 
a singularity at the time 

"^',o,(^1^]b( J-J\. .^]. (3.21) 



t 



crunch r' 



13^(0-2) 



2/30 



q-(3° D-1 
D-2j ^ \/3%D-2y D-2 
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where the expression on the right-hand side is given in terms of the complete Euler beta 
function 



B{a,b) = T{a)T{b)/T{a + b) 



(3.22) 



For fixed spacetime dimension, we have a one-parameter family of solutions of the timelike 
tachyon system, parameterized by the constant fi. In Fig. IHwe plot four such solutions for 
/i = {0.38, 0.42, 0.46, 0.5} in fixed dimension. One can see explicitly that by decreasing /i, 
the tachyon reaches T ^ 1 more gradually, placing the final singularity of the scale factor 
farther out in the direction of decreasing string coupling. 

The relationship between fi and tg"'^'=^ is depicted for various D in Fig. [51 From this plot 
we can also see that in higher spacetime dimension the crunch is placed at weaker coupling 
for fixed fi. To this is added the additional effect that, for a fixed time Ie, increasing the 
dimension D alone reduces the string coupling (at large D, the dilaton gradient scales as 



-VD). 



It is straightforward to compute the spacetime equations of motion in Einstein frame. 
If, for example, we are interested in studying the behavior of the timelike tachyon in the 
background of a timelike linear dilaton, we can proceed with the ansatz that both the tachyon 
and dilaton fields depend only on the Einstein- frame time coordinate t^. Furthermore, we 
can work in the coordinate system given in Eqn. (13.91) . in which the metric G^^ takes the 
form of a spatially fiat {k = 0) FRW metric: 

-dt% + aitEfdX"^ . 



ds\ 



(3.23) 



With these assumptions, variation of the dilaton in the action yields 
= '<i)+{D-l)H^ + d^V{<P,T) 



+ 



1 + t2 . ■ 
{D~1)HTT + TT+ r^ 

1 — T^ 



where H is the Hubble parameter H = a/a. Varying the tachyon gives 
1 







-VIT^^ 



;i-T2) 



(3.24) 



{D-l)Hcf>] T + ^. ^ t.1 (T + {D-l)HT 



^^ T f^ + -i D - 2){l - T"^) drV {(t),T) . 



{i-T^y 



1 

4' 



(3.25) 
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Figure 4: The timelike tachyon system from /i = .38 (red-sohd) to /i = .5 (blue-dashed), with 
D = 1000. The intermediate sohd curves are generated at yU = .42 and fi = .46. The effect of 
decreasing /i is to place the final curvature singularity deeper in the direction of decreasing 
string coupling. For each value of fi the scale factor (panel (a)) collapses in a big crunch 
precisely when the tachyon (panel (b)) reaches one. This process can occur throughout a 
region in which the string coupling (panel (c)) is small. 



The pressure p and energy density p of the background take the form 



P 



1 

2^ 



+ 



T 



Vd^^{i-t^) 



>T + 



4(L)-2 + T2) 
(Z}-2)(l-T2)2 



2Vi^,T) 



P 



p+-Vi^,T). 



(3.26) 



The Einstein equations then reduce to 



a _ _ 2 {D-3) + {D-l)w 
a~~'^ ^ {D-2){D-1) 



(3.27) 
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Figure 5: The time at which the universe reaches a crunch in Einstein frame is prolonged 
by decreasing /i, or by increasing D. The curves above are depicted with D = 30 (dotted 
curve), D = 50 (dashed curve) and D = 100 (sohd). 



where w is the usual equation of state w = p/p. We note that the critical equation of state, 
defining the boundary between an accelerating and decelerating cosmology, is [TH] 

Wcrit = -^^l • (3-28) 

In other words, the scale factor accelerates as a function of t^ if the equation of state lies in 
the range —l<w< Wcrit- 

At this point we can integrate Eqns. (I3.24[ I3.25[ 13.271) numerically, given a set of initial 
conditions. As noted above, solutions in the worldsheet theory fall into a family parameter- 
ized by /i (for fixed D and a'). While this parameter is absent from the point of view of 
the effective theory alone, the information contained in fi can be translated to the effective 
dynamics in the form of integration constants. 

For the particular solutions under consideration, it is instructive to plot the equation of 
state as the system evolves toward the final singularity. This is displayed in Fig. O It is easy 
to see that as the tachyon remains small, each system evolves at the critical equation of state 
(I3.28P (marked by the green horizontal line). As the tachyon evolves, each system acquires 
an equation of state lying above the critical value, indicating a phase of decelerating scale 
factor. 



3.3 The null tachyon 

We now turn to the null tachyon solution in the same setting. Our goal for the moment is 
to characterize the singular region exhibited by the null tachyon that arises in the absence 
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tE 

Figure 6: The evolution of the equation of state for the timehke tachyon solutions under 
consideration (at D = 1000). The individual curves correspond to values of /i from /i = .38 
(red-solid) to yU = .5 (blue-dashed). The intermediate solid curves are generated at /i = .42 
and fi = .46. The critical equation of state, given by Wait = —{D — S)/{D — 1), is depicted 
by the horizontal green curve. 

of higher-order corrections to the action. (We will consider higher-order effects in the next 
section.) In sigma- model coordinates, the null tachyon solution is specified by 

T(t.,X^) = /iexp (^ {U + X'^)\ ^ fiexp (/5X+) , 



^(ta) = ~qU 



^ au "n^i^ 



(3.29) 



where X^ is a transverse embedding coordinate in sigma-model frame. To keep the notation 
concise, we have relabeled the constant lightcone vector as /3+ = (3. Consistency of the string 
theory requires 



q = ± 



D-26 



q(3 



2^2 



(3.30) 



Qa' a' 

Again, choosing the positive branch of the dilaton gradient yields a system in which the 
dilaton rolls to weak coupling in the future while the tachyon grows exponentially at fixed 
XI. 

In Einstein frame, we will adopt a coordinate system in which the metric is again of FRW 
form: 



dsE = -dt^ + a{tE, X^)^ dX'j^dX 






iG 1,2,...,D-1 . 



(3.31) 



25 



The scale factor a{tE, X}^) now depends both on the timehke direction tE and the single 
spatial coordinate Xj^. As before, we can choose the mapping between Einstein-frame and 
sigma-model coordinates to be trivial for the spatial directions X*: 

Xi: = Xi = X\ i G 1, 2, . . . , D - 1 . (3.32) 

These relations imply the following dependence of the scale factor on the dilaton and tachyon: 

f, vi^ /-2$ + log(l-T2)\ 
a{tE,X ) =exp\ jj—^ 1 , (3.33) 

where T is now a function of both to- and X^ (13.291) . The relation 

dtl = e^^^^'^Utl (3.34) 



2V2q , 

tE{ta,X ) = ^-— exp ( — — ) BA(t^,xi) I ^577^ p;v' T\ n I + co^st. ,(3.35) 



gives the following mapping for the Einstein coordinate tE'- 

"W^ fm + 2qX^\ ( q\ 

7!^ '^P I, 2-D ) ^^(*-^^) [ji2-DyD-2 

where 

A{U, X') = ^exp (^-V2f3{U + X')'^ . (3.36) 

As with the timelike tachyon, we need to absorb a constant imaginary contribution into the 
integration constant on the right-hand side of Eqn. (13.351) . 

At this point we can see that the theory reaches a curvature singularity at 

/2 

^crunch _ _^1 _ V j^g^ _ ^2 2^^ 

In FRW coordinates, this equates to 

To an observer at fixed negative X^, the singular region appears to approach from the 
positive X^ direction at a speed given by 



>v™o = (C-2),/^^^i. (3.39) 
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This picture is intuitively consistent with what we know from the 2D CFT. On the 
worldsheet, the growth of the tachyon appears as a potential wall that increases exponentially 
with X^ (in sigma- model coordinates), preventing the presence of string states deep inside 
the region of tachyon condensate. To a rough approximation, we would expect spacetime to 
become nondynamical in a region that grows outward from the origin of the X^ coordinate. 
The nontrivial translation between sigma-model and Einstein-frame coordinates modifies 
the picture somewhat, but the general outcome is as expected. In Fig. [7] we plot t^^^'^'^ as 
a function of X^ for various D. In spacetime, the bubble of nothing indeed emerges as a 
surface of zero metric that expands outward in the direction of negative X^. 




Figure 7: The time at which the universe reaches the final crunch in the presence of the null 
tachyon, as a function of X^. The curves shown above are depicted for /i = 0.5, D = 30 
(dotted, blue), D = 50 (dashed, green), D = 150 (dot-dashed, red) and D = 350 (solid, 
blue) . 



4 Resolved singularities 

The action under consideration thus far was derived under the constraint that it support 
the complete class of tachyonic solutions defined in Eqn. 02.51) . Terms in the effective action 
suppressed by higher powers of a' have been systematically dropped, and the form of /i(T) 
was derived at linearized order (in conformal perturbation theory). In this section, we wish 
to consider the possible effects of higher-order corrections. 
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4.1 The null tachyon 

By focusing strictly on the null tachyon solution in the background of a timelike linear dilaton 
rolling to weak coupling f l3.29p . we can study various higher-order corrections in isolation. 
As noted above, the tree-level worldsheet solution is well-defined and exactly conformally 
invariant to all orders in perturbation theory, and nonperturbatively in a'. Furthermore, the 
effects of finite string coupling can be made arbitrarily small by placing the strongly coupled 
region deep in the past. 

Since the null tachyon is exact in a', including higher- dimension operators in the effective 
action consistently cannot lead to corrections to the spacetime equations of motion that are 
not automatically satisfied by the tree-level solution. Similarly, while corrections associated 
with conformal perturbation theory will inevitably alter the tachyon marginality condition 
(12. 4p . such corrections should be satisfied trivially by the null tachyon solution. However, the 
constraint equation fl2.32p for fi{T) was derived for the non-exact tachyon profiles (plus fluc- 
tuations) appearing in Eqn. (I2.5p rl Corrections to the marginality condition will ultimately 
contribute nontrivial corrections to Eqn. (12.321) . The conclusion is that the only higher-order 
effects that can appear directly in the spacetime null tachyon system arise as corrections to 
the function /i(T)o This raises the possibility that the curvature singularity that naively 
appears in the above analysis is resolved by higher-order effects. 

4.2 Generalized constraints on fi{T) 

Without directly computing higher-order corrections to the effective action (a problem that 
lies beyond the scope of this study), we would like to understand on general grounds the 
terms that can arise as corrections to /i(T), subject to the condition that the theory always 
support the null tachyon as an exact solution. 

Consider the effective action for general /i(T). As it stands, this action is consistent with 
the condition that it support only the null tachyon as an exact solution. Because of the null 



^Recall that the null tachyon is supported as a classical solution for any /i (T) . 
"^To be sure, analogous statements do not hold for non-exact solutions. 
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symmetry, the /3-dependence in the potential (see, e.g., Eqn. fl2.25p ) is automatically absent: 



S = ^ f d^X^/-detG3> 



-2$ 



R' 



1 



1 



ji + /I y^ {D - 2) h 



-^-^ (d^^d^^ + ^j-^d^^d^T\ 



d;rd^T 



3a' 



(4.1) 



Here the action appears in string frame, with the Einstein-Hilbert term expressed in canonical 
form. For general /i(T), the string- frame metric is related to the sigma- model metric by 

log/i(T) 



Of course, we can also move to Einstein frame using the Weyl transformation 

-2<i> + iog/i(r) 



r'E _ 2aj(<I>,T)^o- 



cu($,T) 



D-2 



(4.2) 



(4.3) 



For finite dilaton, singularities of the metric arise whenever /i(T) vanisheso 

We now want to study constraints on higher-order corrections to /i (T) under the following 
general conditions: 

1. The theory encodes the standard, non-tachyonic linear dilaton background in the limit 
T = 0; 

2. The gravity sector remains unitary for all values of T; 

3. Non-metric pref actors of the matter sector kinetic terms remain finite for all values of 
T; 

4. Expanding in the strength of the tachyon, /i(T) is defined to quadratic order by 
h{T)^l-T\ 

The last condition guarantees that the potential in a canonical gravity frame is tachyonic. 
If there is any hope that the effective action can reliably reproduce the physics of the null 
tachyon for all finite values of T, each of these conditions must be met. For the moment 



^In sigma model frame, this corresponds to a vanishing Einstein term in the action. 
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we leave open the possibility that the metric encounters a singularity as a consequence of 
tachyon condensation. 

As noted in Section [21 the first condition imposes 

/i(0) = 1 . (4.4) 

Furthermore, the condition that the gravity sector remain unitary can be satisfied by de- 
manding that /i(T) be nonnegative for all T. This is intuitive from the perspective of the 
action in sigma- model frame, where the Ricci term appears multiplied by /i(T). In addition, 
we see that for the tachyon kinetic term to remain finite at T = 0, 

f[{T) = . (4.5) 

r=o 

This indicates that T = is a critical point of fi{T). 

The tachyon kinetic term (as well as the d^Td^(^ term) can also become singular at points 

where /i(T) vanishes. The relevant factors are f"(T)/fi(T) and f[(T)/fi(T), so we demand 

that f[{T) and /f(T) vanish whenever /i(T) = 0. This implies that points where /i(T) 

vanishes must either be inflection points, or points where /i(T) vanishes identically over a 

finite regionO Since fi(T) is everywhere nonnegative, however, there can be no inflection 

points coinciding with points where /i (T) vanishes. Furthermore, if /i (T) vanishes identically 

over a finite region, the entire action becomes identically zero in this region. If we hope to 

reliably encode the dynamics of the complete string theory for all values of the tachyon, we 

are forced to reject this scenario. We conclude that, under the second and third constraints 

above, /i(T) can never vanish at finite values of T. At finite T, therefore, the null tachyon 

avoids all cosmological singularities. 

4.3 A candidate effective action 

We would now like to understand the relation between the above constraints on /i(T) and 
the perturbative form that was computed in Section [2l The constraint imposed there was 
that the effective action should support all linearized tachyonic perturbations to the linear 
dilaton CFT of the form 

T = /iexp(/3^X^) , (4.6) 



^An example of a C°° function that is nontrivial in some region but vanishing in another is fi{T) 
exp (— l/(a^ — s^)) Q{a^ — x^), where Q{x) is the step function. 

30 



subject to the condition that the tachyon profile satisfies the (hnearized) tachyon equation 
of motion in Eqn. (12.41) . For solutions other than the null tachyon, and in the absence of 
an additional regulator (like large D, for example), corrections to the linearized marginality 
condition can generate higher-order corrections to the general constraint equation for /i(T) 
(I2.32p . As noted above, we should therefore regard the solution for /i(T) used in Section [2] 
as an approximation valid at small T: 

/i(T)^1-T2, T<1. (4.7) 

A natural additional constraint on the general function /i(T) is that it reproduce the per- 
turbative expansion around small T (i.e., condition (4) above). This guarantees that the 
effective action supports the full class of solutions in Eqn. (12.51) in regions where the solu- 
tions themselves are not strongly corrected by higher-order effects. A simple exact form for 
/i (T) that meets all of the above criteria and reproduces the known solution at small T is 

/i(r) = exp (-T^) = 1 - T^ + O(r^) . (4.8) 

The resulting action in string frame takes the form (using the rescaled dilaton) 

S = ^ [ d^xV-detC^e-"^^^^ \r^ - d.cpdy - , ^ T a.^^^T 
2k^ J L '^ y/D - 2 

~D^ (^' + ^ - 2) d.Td'^T - ^exp (;^) (D - 26 - 24 T^)] . (4.9) 
As desired, the potential 

^^^^^ = 3^''''P(:^) (^-26-24T2) (4.10) 

is tachyonic. In this case, however, it is well-defined at T = 1. It can easily be verified that 
this potential agrees with the tachyon potential computed above in Eqn. (13. 6p . up to and 
including cubic order in an expansion around small T. 

Of course, there are other possible completions of /i(T) that meet all of the conditions 
described above. Another example is 

/i(T) = / =1-T' + 0{T') , (4.11) 

cosh(v2r) 
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which also resolves the curvature singularity in the null tachyon solution at finite T. The 
string frame action takes the form 

S = ^ f rf^xV-detG^e"^^^^* \r^ - 9^09^0 + ^ tanh(v^T) df,(j)d^'T 

^-1_ + ^^f|sech^(V2T) + ^ tanHV2T)\ d.Td^T 

-sech-T^{V2T)(D-26-12V2T tanh{V2T)) . (4.12) 

The qualitative properties of the null tachyon solution are equivalent for both forms of 
/i(T) given above. For the purposes of the present study, therefore, we will employ the 
exponential form in Eqn. (14. 8 p in the analysis that follows. While it would be interesting to 
study a wider class of solutions, we emphasize that the resolution of the crunch is universal 
to all /i(T) satisfying the above conditions. 

4.4 Resolution of the singularity 

On general grounds, we expect that the dynamics of the effective action in Eqn. (14. 9 p resolve 
the cosmological singularity that appears naively in the null tachyon solution. We now 
examine in detail how the singularity is avoided. 

The string frame metric is given in Eqn. (14.21) above. We again choose the Weyl trans- 
formation to act trivially on the transverse spatial coordinate X^, so it is convenient to drop 
the subscript label. The string frame time coordinate thus evolves as a function of t^ and 
X^ according to 

ts{U,X') = ^Ei (-^ev^"^*^^'''^) + const. , (4.13) 

where Ei(x) is the exponential integral function Ei(x) = — /_ (e^'*/^) d^ (Ei(x) exhibits a 
branch cut in the complex x plane running from x = — ootox = 0, though for real x we 
take the principal value of the integral). For convenience we set the constant term to zero. 
The (string-frame) FRW scale factor now takes the form 

asiU, X ) = exp I ^ _ ^ 1 = exp I ^_^ 1 ■ (4.14) 
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For the null tachyon, this becomes 

as{U,X') = exp (-^ev^^(*^+^^)) . (4.15) 

Expressed in terms of sigma- model coordinates, the outcome is clear. For fixed X^, the 
evolution of to- drives an accelerated contraction of the scale factor (in the positive branch 
of (12. 8p . j3 > 0). However, as{tcr,X^) can never reach a true singularity in finite t^, as the 
singular point has been moved to to- = oo. 

Interestingly, the dependence on X^ drops out when the scale factor is expressed as a 
function of string-frame coordinates. To see this, first note that Eqn. (14.131) can be inverted 
to give the sigma-model time coordinate as a function of ts and X^: 

t,{ts,X') = -X' + -^log(-^^Er\V2(3ts)] . (4.16) 

In string frame, the scale factor thus takes the explicit form 

asits)=exp(Er\V2(3ts)'^ . (4.17) 

Naively, the system reaches a curvature singularity at ts' = 0. Relative to the sigma-model 
frame, however, the physics in string frame is dramatically redshifted as the scale factor 
collapses. We can see this directly by plotting the string-frame time coordinate ts as a 
function of t^ (see Fig. [8]). As the system collapses, the coordinate ts steadily ceases to 
evolve with increasing t^, and reaches ts = only asymptotically at to- = cxd. So, from the 
point of view of string frame, the system avoids reaching the singularity because the dynamics 
are severely redshifted; the tachyon generates a smooth cutoff of cosmological time ts- To 
be certain, there is a cosmological Big Crunch at finite time, but from the point of view of 
the underlying fundamental string, the physics is completely smooth. 
In Einstein frame, the action takes the form 



S = ^ I d^X\/-deiG^ 
2k^ 



R^ - df,(j)d''(j) - , ^ T df^cpd^T 



2</> 



-— {T' + D- 2) d^.Td^'T e^^^ e^^ {D - 26 - 24 T^) . (4.18) 

Expressed in this frame, the scale factor acquires a dependence on the dilaton gradient 
q = -dt^<^: 

a^(to,Xi) =exp (-^^ (/.2ev^'^(*^+^^) -2gt.)) . (4.19) 
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Figure 8: The "flow of time" in string frame, as a function of to-- Deep inside the tachyon 
condensate, the spacetime dynamics become infinitely redshifted relative to the sigma model. 
(The plot depicted is generated at D = 1000, /i = 0.5, X^ = 0.) 

The FRW time coordinate evolves with tg- according to 

tEiU) = f^ d^exp (-^^ {2q^ - e^/^cxi+oj") + eonst. (4.20) 

Once again, this expression can be formally inverted to express t^ as a function of tg and 
X^. By construction, the scale factor in Eqn. (I4.19p . and the tachyon and dilaton profiles in 
Eqn. (I3.29p . are implicit particular solutions of the equations of motion. 

Fig. M depicts the evolution of the scale factor in Einstein frame. When the tachyon is 
small, the universe evolves approximately linearly in ts for all X^. This is just a reflection of 
the fact that at zero tachyon the theory exhibits an equation of state that is precisely critical 
{w = —{D — 3) / {D — 1)) . As the tachyon increases in strength, the scale factor collapses, 
approaching a singularity asymptotically at to- = oo. To an observer at some fixed negative 
X^, the region of collapse appears to expand in the negative X^ direction outward from the 
origin. As the scale factor approaches zero, the cosmological time ts ceases to evolve as a 
function of t^, and spacetime becomes frozen in a near-singularity. 

4.5 Toy models of the Big Bang 

As noted above, the beta function equations of the 2D worldsheet GET stipulate that the 
dilaton gradient q = —dt^^ satisfy 

^ fD-2QV 
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Figure 9: The bubble of nothing in Einstein frame is a surface of asymptotically vanishing 
metric. The scale factor initially grows linearly as a function of Ie-, then collapses to a near- 
singular region that expands outward in the negative X^ direction [D = 1000, /x = 0.5). 



We can also study the second branch of this solution, where q is negative definite. In this case, 
the dilaton evolves from weak coupling in the far past and rolls in the direction of strong 
coupling toward the future. The linearized tachyon equation of motion (12.41) is satisfied 
under the condition P = ^^, so /5 is also negative definite. Choosing this branch is therefore 
equivalent to invoking an overall time reversal on the the previous solution. The strength 
of the tachyon thus decreases with evolving time, reaching zero in the infinite future. (This 
general setup of a tachyonic Big Bang was studied in detail in [13] , with a particular focus 
on the importance of fluctuations.) Although this is essentially an extremely fine-tuned 
solution, let us briefly consider the picture that emerges in its own right. 

Deep in the weakly coupled regime, the tachyon is large, and the FRW scale factor 
is correspondingly small. As the tachyon decreases in strength, the scale factor rapidly 
accelerates from a near-singularity. (In Einstein frame, the evolution of the dilaton eventually 
takes over, and the scale factor contracts linearly as a function of Ie for fixed X^.) This 
situation presents an interesting toy model of the Big Bang that can be studied at arbitrarily 
weak string coupling. Fig. [TD] depicts the scale factor as a function of ts- Deep in the past 
the scale factor is near zero and, as the tachyon passes below a critical value, the universe 
rapidly expands outward. 
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Figure 10: A toy model of the Big Bang [D = 1000, fi = 0.5, X^ = 0). The second branch 
of the null tachyon solution causes the scale factor to emerge from a near-singularity and 
rapidly accelerate, reaching a constant value (in string frame) when the tachyon shrinks to 
zero size. 

When viewed as a function of t^, the temporal coordinate in string frame is also frozen 
deep in the past. This is depicted in Fig. (ITT]) , which displays a plot of ts(tu). The "flow of 
time" in string frame is thus generated as the tachyon evolves toward zero. 
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Figure 11: In a tachyonic Big Bang, cosmological time in string frame is frozen in the deep 
past, as a function of sigma- model time t„. As the tachyon evolves toward zero, time begins 
to flow monotonically in the positive direction {D = 1000, /i = 0.5). 
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5 Solitonic solutions 

Part of the benefit of having a specific effective action in hand is the abihty to study new 
solutions that are not used as input in deriving the action itself. In this section we look 
for static solutions of the effective action that localize the universe in spatial, rather than 
temporal directions. 

The general problem of using closed string tachyon condensation to localize or remove a 
spatial dimension has been studied in detail in P^17[I33[I40[|44] . In [17] , the tractability of the 
null tachyon was used to derive exact solutions that dynamically remove spatial dimensions 
from the theory. The central charge deficit that arises in the classical worldsheet CFT from 
the removal of these dimensions is made up by one-loop quantum corrections. Because these 
solutions lie outside of the class of tachyon perturbations considered here (12. 5p . and because 
they are inherently quantum mechanical on the worldsheet, we will not attempt to study 
them directly in the present context. 

Instead, we adopt the strategy of [40j, which studied this problem directly at the level 
of effective actions. The authors of [101 were able to find toy models that localize spatial 
directions in the presence of general tachyon potentials. We will follow this analysis in 
searching for analogous solutions of the effective action computed above. 

A simple approach is to introduce as an ansatz a spatially varying sigma model metric 
of the form: 

dsl = {dX^f + h{X^f7]^.^,.dX^''dX''' , /i', z/'eO,2,3,...,D-l , (5.1) 

with a warp factor a(X^) that depends only on X^. Following [IQ], we observe that, in 
general, the dilaton will depend on all of the embedding coordinates X^, though by the 
[D — l)-dimensional Lorentz invariance we can move to a frame in which the dilaton depends 
only X^ and X^: 

$ = <I)(X\X2) . (5.2) 

The aim is to find codimension one solitons, in which the tachyon depends solely on the 
spatial direction X^. The nontrivial components of the Einstein equation (I2.30p in sigma 
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model frame yield the conditions (for general /i(T)) 

= f^ [{D-2){ay + da' -2aadi^]+ f[T'aa , (5.3) 

= fi(2 df^ - (^ - l)y) + /i (^ - ^") , (5.4) 

= —(ddid2^-ad2^) , (5.5) 

a 

= -/i [(D-2)(a)^ + aa"-2(92^$ + aS'9i<l>)] -/(T'aa' . (5.6) 

Eqns. (15. 3p and (15. 6p combine to give the condition 

fidl<l> = 0. (5.7) 

Eqn. (15. 3p alone implies that (9i$ can only depend on the X^ coordinate (/i is a function of 
T only, which we assume depends only on X^), so 

52^1$ = . (5.8) 

With the general condition that fi{T) is nonzero at finite T, we obtain the following generic 
form for the dilaton: 

^{X\X^) = F{X^) + QX\ (5.9) 

where F(X^) is some function of X^ only, and Q is a constant. This same condition was 
derived for the codimension one soliton configurations studied in [IQ]. Eqn. (15. 5p then reduces 
to 

Qd' = 0, (5.10) 

implying that either the sigma model metric is precisely fiat, or the dilaton is independent 
oiX\ 

Let us first consider solutions with a fiat sigma model metric: 

dsl = 7]f,^dX^'dX'' . (5.11) 

In this case, the remaining nontrivial component of the Einstein equation appears as 

2fiF" - f[T" + ^T'^ = . (5.12) 
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The dilaton and tachyon equations of motion take the form 

f - /r - /r T^ T" + 4 f[ T{F" - F" - Q') 

+2{f[ + f"T){2F'T'-T")-2TdTV^ . (5.13) 

Employing the perturbative solution /i(T) ^ 1 — T^ and substituting the tachyon potential 
into these equations yields the following conditions on the transverse component of the 
dilaton: 

F' = -2^(4T + a'T") , 
2a'T' ^ ' ' 

F" = — -^ — -(TT"-T'^) . (5.14) 

(T2 - 1) ^ ; V ; 

We also recover an explicit expression for the longitudinal dilaton gradient in terms of the 
tachyon 



1 



1 



6(T^ — 1) L " 

The conditions on the transverse dilaton F(X^) in Eqn. (15.141) impose the following 
differential equation for the tachyon profile: 

_L_^^T'^ -TT") + ^^^^ [4T'2 - T"(4T + a' T") + a' T' T"] = . (5.16) 

This equation is satisfied exactly by the exponential profile 

T = /iexp(/3iX^) . (5.17) 

With this solution, the transverse dilaton is linear in X^, with a gradient given by 

a' pi 2 
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The longitudinal dilaton gradient takes the for 



nfl 



,2_ P! 4 D-U 



For real /?i, Q^ can only be nonnegative for D < 2. (In fact, this conclusion can be reached 
using the full exponential form /i(T) = exp (— T^), or the cosh form /i(T) = l/cosh(v2r), 
in the above equations.) If a timelike direction is present at all, the only consistent solution 
exists in D = 2, with Q = 0. The resulting system is described by an exponential tachyon 
profile with a spacelike linear dilaton, both varying in the X^ direction. The dilaton gradient 
and tachyon profile are determined by 

F' = /3i = ±^ . (5.20) 

Therefore, the only static solution consistent with a single exponential tachyon and an exactly 
fiat sigma model metric lives strictly in D = 2. 

Of course, this restriction is lifted if the dilaton is allowed to vary in the timelike direction 
(so the configuration is no longer static). For example, consider the form 

<l>(X°,Xi) = F(Xi)-gX° . (5.21) 

In this case, with a tachyon profile of the form in Eqn. (15.171) . the dilaton is again linear 
along the X^ direction, with gradient given by Eqn. (I5.18p . However, the gradient in the 
timelike direction is given by (I5.19p . with an overall sign change: q^ = —Q^. This is positive 
definite for all D > 2. The special case in which F' = q corresponds to spacelike Liouville 
theory with a null linear dilaton in the critical dimension D = 26. 

It is instructive to look for other static tachyon solutions. One method is to solve (15.161) 
order-by-order in a'. To 0{a'^), one obtains 

TiX') = /i e^^^^ + a' e'^^^' (c, + c^X') + a" e^^^^ (ca + cX' + ^^Ux')') 

where c„ are free constants. It is easy to find a set of constants c^ such that the tachyon 
exhibits a "lump" configuration over some intermediate range in X^ (and the square of the 
longitudinal dilaton gradient is positive definite). 



^One can check that the tachyon profile satisfies the marginahty condition, and Q^ + F'^ = — -^ ^^ 



6a' 
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The exponential prefactor exp (/?iX^) is present in the solution (15.221) to all orders in a', 
multiplying terms that are universally polynomial in X^. The prefactor therefore dominates 
in the asymptotic regions, and the tachyon is forced to vanish at X^ = ±cxd, depending on 
the sign of (3i. An example lump profile is depicted in Fig. [T2] (panel (a)). In string frame, 
the metric exhibits a configuration that is finite over a semi-infinite region, with a localized 
"pseudo-soliton" in some separate region. The resulting picture is a semi-infinite universe 
in D dimensions, with an effectively lower- dimensional neighboring parallel universe. In 
Einstein frame, the semi-infinite region of finite metric can be removed by arranging the 
transverse dilaton to increase in the appropriate direction. This is displayed in Fig. [12 
(panel (b)), with /i(T) = exp (-T^). 

Of course, one should keep in mind that the effective action itself is not an exact descrip- 
tion of string theory, and higher-order effects are likely to become important in the absence 
of some special mechanism (as with the null tachyon). Even so, the leading-order behavior 
of non-exact solutions can often serve as a useful qualitative guide in determining the types 
of solutions that are possible. 





(b) Einstein-frame warp factor 

Figure 12: A lump configuration of the spatially- varying tachyon (panel (a)) with flat sigma 
model metric. The asymptotic regions are dominated by an overall exponential prefactor in 
the solution that is present to all orders in a'. The Einstein-frame metric (panel (b)) exhibits 
a solitonic configuration of localized spacetime. 

In addition, one should also consider solutions for which the sigma model metric is nonflat. 
In these cases, the dilaton must have a vanishing longitudinal gradient jj To study the 



*A recent paper [33j has provided evidence for the existence of a codiniension one soliton in closed string 
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ability of a solitonic configuration to localize the universe along a spatial direction, it is most 
natural to work in Einstein frame, and a straightforward approach is to search for numerical 
solutions to the equations of motion that exhibit the qualitative properties of interest. If 
the dilaton and tachyon are arranged to increase in opposite coordinate directions (like all 
of the examples studied above), the warp factor in Einstein frame (Ie will naturally acquire 
local support in a region where both the dilaton and tachyon are small. 

One such set of numerical solutions is displayed for various D in Fig. [121 In these 
solutions, the dilaton increases in the negative X^ direction, while the tachyon magnitude 
increases in the positive X^ direction. This is depicted in Fig. [TH Along the negative X^ 
axis, the growth of the dilaton drives the warp factor toward zero size, while along the 
positive X^ direction the growth of the tachyon drives cie toward zero as well. The scale 
factor can exist at finite size in the region in between. Taken at face value, the overall scale 
of the confined dimension is essentially a function of initial conditions. For a given set of 
initial conditions, the dilaton and tachyon solutions do not vary considerably with shifting 
D (see Fig. [H]). Of course, the string theory can become strongly coupled deep in the region 
of negative X^, so the solution is subject to corrections there. Furthermore, a' corrections 
can become important in regions that exhibit singular (or near-singular) behavior. Again, 
these types of solutions should therefore be viewed only as toy models. 
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-0.15 -0.10 -O05 0.00 0.05 0.10 0.15 



Figure 13: An example of a solitonic tachyon configuration that localizes spacetime in a 
spatial direction, at Z^ = 30 (dashed), D = 100 (solid) and D = 150 (dotted). Increasing D 
brings the scale factor closer to a constant over the finite region of the solution. The overall 
scale of the localized dimension is roughly constant for a given set of boundary conditions. 



field theory. In that analysis, the dilaton did not vary longitudinally along the soliton, though the more 
general case was not considered directly. 
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Figure 14: Behavior of the dilaton and tachyon in a sohtonic configuration {D = 100). With 
a given set of boundary conditions, the numerical solutions for the dilaton and tachyon do 
not vary visibly with varying dimension. 



6 Summary and conclusions 

We have seen that there is a unique two-derivative effective action that perturbatively sup- 
ports the full class of solutions in Eqn. (12. 5p . Finding this effective action amounts to finding 
a perturbative expansion for the function /i(T), defined as a prefactor of the Einstein-Hilbert 
term in sigma-model frame. Demanding that the general action support the linearized solu- 
tions in Eqn. (12. 5p allowed us to solve for /i(T) to quadratic order. 

Taken at face value, the solutions of interest generically encounter singularities as the 
tachyon evolves to become of order one. This confirms the general expectations provided 
by [H]. At T ^ 1, however, we expect these solutions to become subject to higher-order 
corrections. We saw that the two-derivative effective action supports the null tachyon for 
any fi{T), and possible modifications from higher-order effects are restricted to affect the 
spacetime solution only through higher-order constraints to the function /i(T). 

Considering the effective action for completely general /i(T), we showed that singularities 
in the string-frame action arise either from singularities of the metric itself, or from prefactors 
of the matter kinetic terms that arise from the Weyl transformation in Eqn. (13.11) . If we 
demand that the latter singularities are absent, and that the gravity sector remains unitary 
for all T, then the curvature singularities of the null tachyon system are resolved for all finite 
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values of the tachyon itself. The resolution of these singularities suggests an interesting 
description of how cosmological time can be initiated or terminated in string theory. We 
expect there to be many applications of this sort of mechanism in more general cosmological 
models. 

Of course, we should leave open the possibility that the framework of the spacetime 
effective action is simply insufficient to capture the physics of bulk tachyon condensation, 
and that a careful accounting of higher-order corrections to the action will reveal unavoidable 
singularities arising at finite values of the tachyon, even for exact solutions. It would certainly 
be interesting to try to constrain possible higher-order corrections to the effective action 
directly. The general expectation is that higher-order effects in conformal perturbation 
theory will amount to corrections to /i(T) beyond quadratic order. There is not a unique 
function that satisfies the conditions on /i (T) given in Section HI but a test to determine 
whether corrections beyond 0{T^) can resolve cosmological singularities is to see whether 
higher-order terms divert the function from crossing zero at T = 1. A promising hint of this 
would be that the next term in the series is positive definite for all T. In other words, one 
might expect general higher-order effects to yield a correction to /i (T) of the form 

/i(T) = 1-T2 + cT" + 0(T'^+^) , (6.1) 

where c is positive definite and n is an even integer. It would clearly be valuable to test this 
prediction by direct methods. 
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